INTRODUCTION
Titanium matrix composites (TMC) have excellent potential as structural materials for elevated temperature applications such as future hypersonic flight vehicles.
However, a major problem facing TMC is the lack of a generalized life prediction methodology that can be applied in designs incorporating these advanced materials.
The complex damage growth process that evolves in these materials can limit the use of conventional damage tolerance design approaches often used for metals. In an effort to address these challenges, a micromechanics-based life prediction methodology is proposed. The effects of applied stress, number of fatigue cycles and specimen geometry (e.g. stress concentrations and notches) on damage initiation, damage growth and residual strength can be determined and could be used as a design limiter for notched TMC. Figure 1 is a flow chart describing this methodology and how it can be used to predict the following fatigue scenarios:
(1) initiation of cracks from notches using a local effective strain parameter; (:2) growth of matrix cracks to threshold condition where crack arrest occurs based on stress intensity factor in the matrix calculated using a fiber bridging (FB) model;
(3) continuous growth of matrix cracks based on stress intensity factor in the matrix using the FB model; (4) specimen life based on the stress in the first intact fiber (unmachined fiber nearest the notch or hole) calculated using the FB model; and (5) post-fatigue residual static strength (static strength after fatigue loading) based on the fiber stress calculated using either the FB model or a three-dimensional finite dement analysis. 
ANALYTICAL PROCEDURES
flow chart outlining the micromechanics-based life prediction
It was used in this study to determine the effects of applied stress, number of fatigue cycles and specimen geometry (e.g. stress concentrations and notches) on damage initiation, damage growth, fatigue life and residual strength.
The method consists of three analysis approaches:
(1) local strain model used to predict damage initiation based on the value of the effective strain parameter;
(2) fiber bridging model used to evaluated damage growth based on the stress intensity factor in the matrix and used to evaluate fatigue life and post-fatigue residual strength based on the stress in the fast intact fiber, and;
(3) a threedimensional finite element model used to predict the virgin static and post-fatigue residual static strengths based on the stress in the first intact fiber. These three approaches were developed in previous studies and were combined in this paper to make up the framework for a life prediction methodology. A brief description of these three approaches and the application to damage initiation, damage growth, fatigue life, and residual strength are discussed next.
Matrix Crack Initiation
A procedure to predict the initiation of damage in the form the matrix cracks was introduced in [1] . In the approach, an effective strain parameter was used which includes thermal residual stresses and stress concentrations:
where K t, e , _ , E, and Ae are the orthotropic stress concentration factor, the maximum applied strain, the axial matrix thermal residual stress in the 0°plies, the matrix modulus, and the applied strain range, respectively. It is assumed in this model that the strain in the fiber, matrix, and composite are compatible and that the strain concentration factor in the matrix, K, _, is equal to the orthotropic (composite) stress concentration factor, K c Values of o'_, " induced during cool-down of the composite fabrication are listed in Table 1 .
The effective strain parameter as a function of cycles to failure (final fracture) for the Ti-15-3 matrix material was determined in [1] and is shown in Figure  2 . The solid line is a curve fit to the experimental data. For a notched composite with matrix thermal residual stresses, the number of cycles to matrix crack initiation can be predicted by comparing the effective strain parameter defined by Equation (1) with the solid line in Figure 2 .
Finite Element Analysis
A finite element analysis was conducted in this research to verify the prevailing assumptions made in the effective strain approach. The assumptions made in this model (Equation 1) are the following:
(1) strain in the fiber, matrix and composite are compatible,
(2) the orthotropic stress concentration factor is the same as the strain concentration factor for the fiber, matrix and composite. Thus, the stress concentration calculated using a anisotropic continuum analysis is assumed to be equivalent to the strain concentration in the matrix. A concern with this assumption is that the local stress concentrations that occurs near the ends of discrete machined fibers, particularly for hole configurations, are not accounted for.
In some instances, cracks have been observed to initiate and grow as shown in Figure  3 where the initiation site is in the region of a machined fiber end. In order to determine the severity of the stress concentration factor around discrete fiber ends along the hole boundary, a twodimensional finite element analysis was conducted for a unidirectional SCS-6/Timetal-21S monolayer having a fiber volume fraction, vf --0.36, and containing a center hole, d/W = 0.33.
The finite element model used is shown in Figure 4 which consists of a global region and a local heterogeneous region.
The global region was used to model the specimen geometry to which the far-field loads were applied and was treated as an orthotropic elastic continuum whose properties were calculated from the constituent properties using the rule-ofmixtures. The local heterogeneous region was used to conduct the micromechanics analysis near the center hole. In this region, the fiber and matrix was modeled as distinct zones using their respective neat properties. The constitutive properties used in the finite element analysis of the SCS-6/Timetal-21S monolayer are given in Table 1 .
The entire finite mesh consisted of 2588 elements and 10,581 nodes. Nine-noded isoparametric elements with 3 x 3 Gauss numerical integration was used. Thermal residual stresses were included in the analysis by simulating the cool-down cycle from an assumed stress-free temperature of 620°C to room temperature, as described previously. Then a mechanical load was applied incrementally up to 700 MPa along the top row of nodes.
The distribution of the Von-Mises effective stresses in the matrix is shown in the stress contours in Figure 5 . As shown in this figure, stress concentrations do exist in the matrix in the vicinity of the machined fiber ends. For the sake of clarity, not all contours are labeled for the matrix material between the first and second cut fibers and the second and third cut fibers.
A detailed stress contour for the matrix between the first (back) cut fiber and second (front) cut fiber is shown in Figure  6 indicates that the stress builds-up behind the second (front) cut fiber. Similar results were obtained for the matrix material between the remaining cut fibers, Figure  5 ; the stress builds-up behind the front cut fibers. Despite these local stress concentrations, the maximum stress and strain concentration still occurs at Location A in Figure 5 . Thus, the center hole is the primary stress concentration while the machined fiber ends are secondary stress concentrations.
The local strain concentration factor in the matrix is defined as: Figure  5 ) and e,_z is the remote global axial strain.
For an elastic analysis from the initial load increment, K," = 3.81. The global stress concentration factor for a hole in an orthotropic continuum is defined
[11] as:
The terms in this equation are the laminate properties as defined in the nomenclature section.
The term o_ is the finite width correction factor.
factor for isotropic material was used [ 12]: 0_=
3(1 )
In this study, the finite width correction (4)
For the composite analyzed, K, = 3.83 which is in excellent agreement with the strain concentration factor (K,*) calculated from the discrete finite element analysis and, therefore, can be used in the definition of the local effective strain given by Equation (1). After the composite fabrication simulation, a global mechanical load from S m to S mr' was applied, and the corresponding stresses in the matrix in the 0* plies were calculated.
Matrix

Crack Growth
Methods
Using these values of stress, the value of R,, in the matrix in the 0°plies was calculated.
Values of P,, are listed in Table 2 for each specimen tested.
As revealed by the results in Table 2 , the values of/_ were considerably higher than the value of the applied R-ratio (Rco,,p = 0.1). Thus, the value of P,co, p does not represent the actual stress ratio in the matrix and the local R,, values listed in Table 2 should be used in the analysis.
Calculation of AK m
The stress intensity factor range in the matrix, The onset of fiber breakage was also determined from the crack growth characteristics.
A schematic of the crack length as a function of number of cycles is shown in Figure 7 . For this example, the crack growth is characterized by three regions:
(1) initiation and growth,
slow growth/crack arrest, and;
(3) rapid crack growth. After the initial region, the rate of crack growth decreases due to the fiber bridging phenomena. The number of fibers bridging the crack increases as the crack length increases thereby reducing the stress-intensity factor in the matrix. As the crack extends, the stress in the bridging fibers increases. Under certain conditions, the stresses in the fibers may become sufficiently high to cause fiber breakage to occur resulting in the rapid crack growth in the third region. In this study, the onset of fiber breakage is assumed to occur at the "knee" of the crack growth curve between the second and third regions, Figure 7 .
Using the AE technique and the characteristics of the crack growth curve, the conditions (i.e.: specimen geometry, crack length, applied load, number of cycles, etc.) under which fiber breakage occurs was determined for several specimens. Using these conditions as input parameters, the failure stress range for the first intact fiber, Atr_ I , was calculated using the FB model and was used as a failure criterion to predict fatigue life. These failure stresses are the range values (Acr_ '_z = o_I -o_/") between S *_ and S "= and are listed in Table 3 .
Post -Fatigue Residual Strength
The post-fatigue residual strength was predicted using two approaches: 
RESULTS
AND DISCUSSION
The aforementioned fatigue crack growth methodology was used to determine the effects of applied stress, number of fatigue cycles, applied temperature and specimen geometry (e.g. stress concentrations and notches) on damage initiation, damage growth, fatigue life and residual strength in TMC as discussed in the following sections.
Matrix Crack Initiation
Using Equation (1), the effective strain parameter versus the number of cycles to matrix crack initiation is plotted in Figure  8 for the SCS-6/Ti-15-3 laminates tested in [1, 3] .
In this figure, CH and DEN designate center hole and double edge notched specimens,
respectively.
The solid line is the baseline curve for the matrix material (same as that shown in shown Figure  2 ). Experimentally, matrix crack initiation was assumed when the crack length reached between 0.3-mm and 0.5-mm. As shown in Figure  8 , by using Equation (1), the experimental data are consolidated along the baseline curve indicating the effective strain parameter can be used to predict crack initiation in the matrix reasonably well.
Matrix
Crack Growth
The matrix crack growth behavior observed in the two TMC systems was analyzed using the FB model implemented with thermal residual stresses [2]. The frictional shear stress term, _, in the FB model was used as a curve-fitting parameter to matrix crack growth data, reduced using the crack growth law defined by Equation (5). Results axe presented in the subsequent sections.
The effects of thermal residual stresses on the values of _ used in fiber bridging analysis are also discussed.
Calculated Crack Growth Curves
The crack length as a function of number of cycles was calculated and plotted in Another factor affecting the crack growth rate is the stress-intensity factor range fix.,.
Thermal residual stresses affect the value of fix.. The lower value of "r for the elevated temperature test translated into a higher value in the stress-intensity factor range as shown in Figure  13 . At the elevated temperature, the value of fix., was higher than at room temperature.
Using the crack growth law defined by Equation (1), for a given value of R.,, the crack growth rates increases with an increase in the value of fix., which agrees with the results shown in Figure  12 . As a result of the lower thermal residual stresses at the elevated temperature test, the value of fix., increased while the value of R., decreased.
The lower values of 'r for the elevated temperature results suggests that the radial thermal residual stresses acting across the debonded fiber-matrix interfaces in the 0* plies were lower. These radial stresses "choke" the fibers which enhances the shear transfer between the fiber and matrix. By lowering the radial thermal stresses, the amount of shear transfer and displacement constraint between the fiber and matrix were lowered thereby increasing the stress-intensity factor. The increase in the value of fix., had a more profound effect on the crack growth rate than the decrease in the value of R..
Effect of Thermal Residual Stress on the Frictional Shear Stress
The effect of thermal residual stresses on fiber bridging analysis is revealed in the values of the frictional shear stress term required to reduce the crack growth data which are listed in 
Fatigue Life
Using the values of frictional shear stress used to evaluate the crack growth data presented in the pervious section, the fatigue life was estimated based on the stress in the first intact fiber. The critical value of stress in the fiber at which fiber breakage occurred was first determined for several specimens of cross-ply SCS-6/Timetal-21S. For these specimens, the Acoustic Emission (AE) technique and the characteristics of the crack growth curve were used to determine the conditions (i.e.: specimen geometry, crack length, applied load, number of cycles, etc.) under which fiber breakage occurred as described previously. Using these conditions as input parameters, the value of stress in the first intact fiber when fiber breakage occurs was calculated for both static and fatigue applied loadings using the FB model. Results are presented in Table 3 . As shown, the value of the axial stress in the first intact fiber was nearly a constant value for the specimens listed.
In this study, the average value of the stresses listed in Table 3 Having the critical value of fiber stress, the life prediction methodology was applied to a [0/9012s SCS-6/Timetal-21S laminate containing a center hole subjected to Sma x = 200 MPa and Rcomp = 0.1. The crack length as a function of the number of cycles was monitored and is plotted in Figure 11 along with the calculation made using the FB model and a value of x = 50 MPa. Crack growth was recorded up to 200,000 cycles. This specimen failed after 222,600 cycles. The stress in the first intact fiber as a function of the number of fatigue cycles was calculated and plotted in Figure 14 . As shown in the figure, the stress in the first intact fiber reaches the average critical value (2500 MPa) after 285,000 cycles.
Post -Fatigue Residual Strength
The post-fatigue residual strength was evaluated in two cross-ply TMC laminates containing center holes, namely, in a SCS-Ti-15-3 specimen and a SCS-6/Timeta1-21S specimen.
The SCS-6/Ti-15-3 specimen had been subjected to Smax = 250 MPa for 200,000
cycles during which extensive matrix cracking occurred [3] . This specimen was loaded quasistatically in tension to failure and a residual strength of 325 MPa was measured.
The SCS-6/Timetal-21S specimen had been subjected to Smax = 150 MPa for 200,000
cycles during which two symmetric cracks grew from the hole. This specimen was then loaded quasi-statically in tension to failure and a residual strength of 350 MPa was measured.
The AE technique was used to determine the occurrence of fiber breakage. For this specimen, the number of high amplitude events, that is, AE events having an amplitude greater than 98dB, associated with fiber breakage, is plotted in Figure 15 as a function of the applied load.
As shown, fiber breakage occurs at an applied load of 180 MPa. Figure  15 suggest that a stable fiber breakage occurred prior to catastrophic fracture.
PAFAC Analysis
A three dimensional finite element analysis (PAFAC) was used to predict the virgin static and post-fatigue residual strengths in cross-ply SCS-6/Ti-15-3 laminates containing center holes. For the virgin specimen, the constituent properties shown in Table 1 were used.
In addition, fiber-matrix debonding in the 90°plies was modeled as described in The axial stress in the 0°fiber next to the center hole as a function of the applied stress is plotted in Figure  16 for both cases. The horizontal line indicates the assumed fiber strength of 4400 MPa, and the two vertical lines show the experimental strengths of the two conditions.
The fiber strength was calculated from the measured strain to failure of an [0/90]s unnotched ult specimen (ef = 0.0011) multiplied by the fiber modulus (400 GPa). As shown in Figure   16 , the applied stress at which the 0°fiber stress equals the fiber strength corresponds closely to the measured strength for both conditions. Using the axial stress in the 0°fiber next to the center hole as the criterion for laminate failure, the predicted strengths for the virgin and post- [1]
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